Ground-state deformations, binding energies, and potential energy surfaces have been calculated for eveneven dysprosium isotopes between 160 Dy and 180 Dy in the framework of density-dependent Hartree-Fock calculations with BCS pairing correlations. Further deformed Hartree-Fock with angular-momentum projection and band-mixing calculations explore the yrast spectra of the nuclides approaching the neutron midshell. Predictions of high-K states in the doubly midshell nucleus 66 170 Dy 104 are made.
I. INTRODUCTION
The magic numbers 2, 8, 20, 28, 50, 82 , and 126 are indicators of the shell structure of nuclei. If a nucleus has a magic number of either protons or neutrons then discontinuities will be observed in two-particle separation energies at such systems. When both N and Z correspond to a magic number, the nucleus is deemed to be doubly magic.
By analogy, one can conceive of doubly midshell nuclei, which is to say those in which N and Z lie exactly halfway between consecutive magic numbers. While one might not expect to see a discontinuity in observables across this midshell point, it has been demonstrated that the product of proton and neutron valence particles or holes N p N n outside closed shells correlates monotonically with various collective properties of nuclei, such as the energy of the first 2 + excited state in even-even nuclei, the energy ratio of the first 4 + to the first 2 + state and the B͑E2:0 1 + →2 1 + ͒ [1] . On the other hand, saturation of B͑E2͒ values is known to occur with slightly fewer particles than at the midshell for rare-earth nuclei [2] , due to microscopic effects beyond the remit of the N p N n scheme.
In our recent Brief Report [3] calculations were made of the properties of the doubly midshell nucleus 66 170 Dy 104 using the total Routhian surface (TRS) and configurationconstrained potential energy surface (PES) methods. Based on N p N n systematics, it was suggested that 170 Dy should be amongst the most quadrupole collective of nuclei with respect to the ground state configuration, since it maximizes N p N n =16ϫ22=352 for all nuclei below the doubly-magic 208 Pb. The results of the PES calculations in Ref. [3] suggest that 170 Dy is well deformed in its ground state with ␤ 2 =0.29 and ␥=0°with a very stiff potential in both ␤ and ␥ degrees of freedom. The TRS results which used a cranked nonaxially deformed Woods Saxon mean field showed a marked constancy in the deformation up to rotational frequencies of at least =0.3 MeV/ប. The simultaneous alignment of both protons and neutrons was predicted to occur starting at បϷ0.35 MeV , corresponding to I x Ϸ14ប. The deep axially symmetric minimum also led to the suggestion that the K =6 + two-quasineutron isomer in 170 Dy could have a lifetime of the order of hours.
Other recent theoretical work on the excitation spectrum of 170 Dy includes tilted axis cranked Hartree-FockBoguliubov (HFB) calculations [4] which predicted a constancy of the quadrupole and triaxial deformations from the ground state up to approximately spin 20ប. A systematic study using x-and z-axis cranked HFB of [164] [165] [166] [167] [168] [169] [170] Dy by Yadav et al. [5] predicts the maximum deformation in Dy isotopes to occur at N=100 ͑
166
Dy͒ and shows a slow change in ␤ and ␥ deformation as spin increases.
In this paper we build upon our previous studies [3, 4] by exploring isotopes in the region of 170 Dy using selfconsistent approaches. In Sec. II, results and discussion of Skyrme-(HF) Hartree-Fock calculations of ground-state properties of dysprosium isotopes from A=160 to A=180 are presented. Section III details the formalism of the projected HF calculations, the results of which are presented and discussed in Sec. IV. We summarize the work in Sec. V.
II. SKYRME HARTREE-FOCK CALCULATIONS
Using a variety of Skyrme parametrizations, HF calculations of dysprosium isotopes between N=94 and N=114 have been performed. The parametrizations chosen were SIII [6] , SkM * [7] , SkI4 [8] and SLy4 [9] . SIII has proved capable of describing nuclei in a wide range of the nuclear chart [10] . In common with other early Skyrme parametrizations, SIII was fitted to the properties of spherical, doubly magic nuclei. SkM * is a modification of a previous force, SkM [11] , modified to account for the fission barrier in 240 Pu. SkI4 adds an extra (isospin) degree of freedom to the spinorbit functional to improve the quality of reproduction of isotope shifts and as such is also a suitable choice for studying isotopic trends. The most recent Skyrme parametrization used here is SLy4, which was fitted to the equation of state of pure neutron matter as well as doubly magic nuclei, and therefore represents a good candidate for calculation of neutron rich systems. The present calculations assumed axial symmetry with and without a constraint on the expectation value of the quadrupole moment, which allows us to view the potential energy surface as a function of ␤ 2 , or alternatively allows the local minimum to be found. A unified pairing prescription was used for each interaction consisting of a truncated space delta interaction in the BCS approximation. The results of the pairing calculations were also checked using a density-dependent interaction, which has been proposed particularly for use in very neutron rich nuclei [12, 13] .
The results for each of the Skyrme parametrizations were broadly similar. The binding energy results can be seen in Fig. 1 . The upper panel shows the absolute binding energy per nucleon, while the lower panel shows the two-neutron separation energies. The binding energies are seen to be very slightly ͑Ͻ0.75%͒ lower than experimental values, and the observed two-neutron separation energies are closely bracketed by the different Skyrme parametrizations.
Of specific interest in the context of collective behaviour and the potential for long-lived K isomers is the prediction of axially symmetric quadrupole deformations of isotopes of dysprosium in the vicinity of 170 Dy. The upper panel of Fig.  2 shows the ground-state deformation predicted by the various forces, which are also tabulated in Table I . The central panel shows the energy difference between the local oblate minimum and the global prolate minimum. The lower panel shows the deformation energy, which is the increase in binding of the true deformed ground state compared to a constrained spherical solution. It should be pointed out that these calculations do not include the possibility of triaxial ͑␥͒ deformation, so what appears as an oblate minimum in these axially deformed calculations is actually a saddle point. Since the nuclei near 170 Dy are expected to be softer in ␥ than in ␤ [3] , effects such as shape coexistence and the extent to which the deformation energy is a measure of the robustness of the prolate deformation are not possible to determine from an axially deformed calculation alone. However, as one follows the decreasing of the oblate-prolate energy difference and the deformation energy with increasing A, one can attempt to predict when ␤ softness will become an important effect.
All the forces show the same general behavior, with the maximum quadrupole deformation occurring in 166 Dy (SkI4 [14] .
The different Skyrme forces show only minor differences and one can conclude that, as expected, the even-even dysprosium isotopes between A=160 and A=180 are all well deformed with ␤ 2 between 0.24 and 0.36. The largest deformation is reached just before the midshell point, in agreement with recent calculations [3, 15] experimental finding of B͑E2͒ saturation around N=102 for lower-Z nuclei [16] . The stiffness of the potential well, as measured by the deformation energy reinforces the results of the TRS calculations [3] which suggest a stable deformation up to rather high spin. Pairing can play an important role in determining deformation, acting as it does towards sphericity. In the case of the nuclei in the present study, increasing the pairing strength within reasonable limits has little effect upon the deformation. The stability of the results was tested against a large ͑40%͒ increase in the pairing strengths in 160 Dy with SkI4 and found a very small ͑ϳ1%͒ effect on the deformation. In addition, the density-dependent delta pairing interaction [10, 12] was used with the SkI4 force to check that the results were not strongly dependent on the assumed form of the pairing interaction or the details of its strength within reasonable limits. It was found that the predictions for the greatest deformation, deformation energy and oblate-prolate difference and the qualitative isotopic trends were unchanged by the change in pairing interaction.
III. DEFORMED HARTEE-FOCK CALCULATION AND ANGULAR-MOMENTUM PROJECTION
To complement the Skyrme HF calculations of the ground states, calculations using HF plus angular-momentum projection (AMP) were performed using a residual interaction to examine excited states. In performing a deformed HartreeFock calculation as a prelude to a shell-model-like mixing of configurations, a substantial part of the residual interaction among nucleons in shell-model orbits is included in the deformed field and one needs only a few particle-hole configurations to obtain an adequate description of the low-energy properties of nuclei.
The axially deformed HF states are expanded in spherical basis states
The mixing amplitudes of the spherical states form the variational parameters that are solved for in the HF equations by iteration, starting with an appropriate intrinsic state. When a converged solution is obtained, one has the mixing amplitudes for the deformed orbits of protons and neutrons, HF single-particle energies, and the density matrix . Various quantities, such as the HF energy, multipole moments, etc., are obtained using the density matrix and the HF singleparticle energies [17] .
Prolate HF calculations for the valence nucleons lying outside the 132 Sn core were performed for the even-even [160] [161] [162] [163] [164] [165] [166] [167] [168] [169] [170] Dy isotopes using the surface-delta residual interaction [18, 19] (with strength 0.3 MeV for p-p, p-n, and n-n interactions) within a model space of one major shell each for protons and neutrons. Spherical Nilsson basis states were used. The 3s 1/2 , 2d 3/2 , 2d 5/2 , 1g 7/2 , 1h 9/2 , and 1h 11 The resulting HF orbits are doubly degenerate and are labeled by the ⍀ quantum number, the sum of which for the occupied unpaired orbits gives the K value. Since the Fermi surface is surrounded by large-⍀ orbits for the nuclides under study (see Fig. 3 for the HF orbits for 170 Dy), high-K band structures built upon these single-particle states are likely to be observed. The HF field for these high-K bands (with many large-⍀ excitations) does not possess time reversal symmetry [20] .
The HF orbits form a deformed-shell-model basis for the nuclei under consideration, and they contain information about the nuclear structure dynamics and its variation with respect to angular momentum and other important parameters needed for the study of the collective states of the nucleus. Essentially each HF configuration shows the intrinsic distribution of the valence nucleons in the deformedshell-model orbits. For example, the HF configurations shown in Fig. 3 correspond to the ground-state intrinsic configuration in 170 Dy. For excited states the intrinsic distribution changes and this is taken into account by considering various HF configurations (see Table III ) for the study of the yrast and yrare spectra. By appropriate nucleon excitations, the rotation-aligned (RAL) K=1 structure and the high-K configurations are selected for angular-momentum projection.
In contrast to the large number ͑Ϸ100͒ of configurations needed in the projected shell model [21] for understanding the yrast spectra, it is found that angular-momentum projection from a few low-lying HF configurations gives a reasonable description of the yrast structure. This is due to the fact that the residual interaction has been used in the solution of the HF equations, so that the HF single-particle states and the various multiparticle configurations built from them are already closer to the final answer that comes from a full solution of the many-body Schrödinger equation [22] . In fact AMP from a single K configuration reproduces the energy features of the low-lying yrast states with good accuracy (see Fig. 4 for [160] [161] [162] [163] [164] [165] [166] [167] [168] Dy). The current work specifically concentrates on low-lying excitations which give rise to high-K and low-K (RAL) configurations in 
The Hamiltonian overlap is given by
with N KK I = ͗⌽͉P K IK ͉⌽͘. Importantly, the angular momentum projection operator (2) restores rotational invariance and the high-K structures are described without any preference being given to the orientation of the rotation axis. Projected HF (PHF) calculations have been shown to give a good understanding of the yrast structure and signature effects in nuclei [24] [25] [26] [27] [28] [29] [30] .
The energy, E2 and M1 operators, and angular momentum carried by the nucleons J ជ =͑J ជ core +J ជ RAL ͒ can be evaluated using the following equation:
where T is the electromagnetic tensor operator. More details of the formalism can be found in Refs. ͓24,25,28͔.
The states ⌿ I 1 M and ⌿ I 2 M , with definite angular momenta I 1 and I 2 projected from various intrinsic states ⌽ K 1 and ⌽ K 2 , are in general not orthogonal to each other even though ⌽ K 1 and ⌽ K 2 are orthogonal before angular-momentum projection. However, if the Hamiltonian is diagonalized in the subspace generated from the projected states, then the resulting eigenstates are orthogonal. One obtains 
With these orthonormalized states, the matrix elements of various tensor operators can be calculated. The mixing of K intrinsic structures can be inferred from the orthonormalized wave functions which are discussed in the following sections.
IV. NEAR YRAST STRUCTURE OF 170

Dy FROM PHF CALCULATIONS
A. Ground state properties of
160-170
Dy
Prolate deformed HF calculations were performed for [160] [161] [162] [163] [164] [165] [166] [167] [168] [169] [170] Dy. The prolate HF orbits for 170 Dy are shown in Fig.  3 . The quadrupole and hexadecapole moments for the prolate solutions are shown for all the nuclei in Table II . For comparison with other calculations, the ground-state ␤ 2 deformations have been extracted and are listed in Table I . Amongst the calculated isotopes, 168 Dy was predicted to have the maximum ␤ 2 deformation. This is in qualitative agreement with the results of Sec. II, and with previous calculations [3, 5, 31] showing that this projected HF approach gives reasonable single-particle structure, which is the main determinant of deformation in a mean-field picture. As such it provides a good starting point for the study of excited states in a fully self-consistent framework. AMP from the ground-state HF configurations for the [160] [161] [162] [163] [164] [165] [166] [167] [168] Dy nuclei gives a reasonable reproduction of the low-lying yrast states (see Fig. 4 ). The size and variation in the neutron hexadecapole deformation are noticeable in the isotopic chain. It decreases and becomes negative with increasing neutron number [32, 33] . Dy, these nuclei are found to be well deformed and hence rich rotational band structures are expected.
To find the relative importance of different K-intrinsic structures, band-mixing calculations were performed among 19 bands, including the K=0 + ground band. The intrinsic configurations for the bands were obtained by particle-hole excitations from the HF ground state. These configurations, listed in Table III , can be classified into three types: (i) Low-K RAL, (ii) high-K deformation aligned (DAL) and (iii) K =0, 2p-2h pairing type excitations. For example, considering the states either side of the neutron Fermi surface (see Fig.  3 ), one could have (i) excitation of a neutron from 7/2 + to 9/2 + giving rise to a K=1 + RAL structure, (ii) excitation of neutron from −5/2 − to 7/2 − giving a high-K=6 + state, and finally (iii) promotion of a pair of neutrons from ±5/2 − to ±7/2 − state giving rise to a K =0 + configuration. Particlehole excitations of the above types (i, ii, and iii) involving the i 13/2 and h 11/2 single-particle states and their linear combinations lead to 18 configurations (six configurations of each type). These were mixed with the ground-state configuration to obtain the yrast and yrare states. Mixing of K=0 configurations involving 2p-2h pairing-type excitations is found to be important in understanding the high spin spectroscopy in general and excitation energies of the high-K structures in particular. This is one way of accounting for pairing in the HF formalism, preserving the particle number.
It is illuminating to examine the behavior of these various bands before the mixing takes place to get an idea of competition between structures and to more fully appreciate the effects of the mixing. Since 170 Dy is well deformed and the unique parity high-j orbits, such as h 11/2 and i 13/2 , are approximately half filled, one may be able to see competition between these single-particle orbits to dominate the yrast structure. The h 11/2 shell is exactly half filled with the proton Fermi surface lying in between the 5/2 − and 7/2 − substates. The neutron Fermi surface is in between ⍀=7/2 + and 9/2 + substates of the i 13/2 shell which is slightly more than half filled. Both protons and neutrons can undergo Coriolis mixing and so compete in rotational alignment to cause back bending. One-proton excitation from 5/2 − to 7/2 − gives rise to a K=1 + , ͑h 11/2 ͒ 2 rotation-aligned configuration. Similarly, a one-neutron p-h excitation from 7/2 + to 9/2 + state gives rise to the K=1 + , ͑i 13/2 ͒ 2 rotation-aligned configuration. Angular-momentum projection from these intrinsic structures gives the corresponding s bands which are easily distinguished by their energy staggering between odd and even spins. These bands along with rotational band structures obtained by AMP from the set of low-lying HF configurations (listed in Table III ) are shown in Fig. 5 . From the PHF calculations, it is found that both h 11/2 and i 13/2 RAL bands simultaneously compete with the K =0 + ground band. These RAL bands appear to cross the K=0 ground state at around I=14 ប and another band crossing is found at around I =22 ប when the K=2 + intrinsic structure with the joint alignment of the h 11/2 and i 13/2 apparently becomes yrast. In the PHF calculation the K=6 + and K=14 + bandheads appear to be yrast at I=6 and I=14 , respectively. However, after band mixing, these structures are pushed up in energy and dominate the yrare structure. The details of the high-K band structures are discussed in the following section. The yrast and yrare states obtained after band mixing are shown in Fig. 6 . Figure 7 shows the K distribution in the yrast even-spin states. The band-mixing results indicate that there is indeed a Fig. 3 . The yrast and yrare states are obtained by mixing these configurations. The positive and negative numbers given as superscripts of the HF orbits [i.e., ͑⍀͒ n ] represent the number of particles and holes, respectively. crossing at around I=14 ប where the K=0 ground-state component of the wave function almost vanishes. The contribution from other K=0 components (arising from pair excitations) at the band crossing is nonvanishing. At, and beyond I=14 ប, the K=1 components of both proton and neutron aligned intrinsic structures dominate, with the i 13/2 neutron component larger than the h 11/2 proton. The total low-K ͑K =1,2͒ components dominate the yrast structure above crossing. This total low-K component is itself dominated by the two K=1 RAL configurations discussed above, with contributions from the K=2 states (not separately shown) giving a much smaller contribution than the K=1 structures. The PHF band crossing around I=22 ប is therefore suppressed in the band-mixing calculation. At higher spin, the "ground-state" band appears to regain a large part of the amplitude. This is presumably due to an increase in the amplitude of configurations not in the space, but which look more like the fully paired K=0 ground state than other available configurations. There is negligible contribution from the high-K configurations in the yrast structure.
It is noted that the gradual and simultaneous increase of the proton and neutron RAL configurations in the yrast states is consistent with the previously presented calculations [3] using a TRS (cranked shell-model) approach, lending credence to both approaches.
C. High-K structures in 170 Dy
Since both proton and neutron Fermi surfaces are surrounded by relatively high-⍀ orbits one expects several high-K states with different intrinsic structures. Only a few low-lying high-K structures, predicted to compete energetically with the yrast states, are concentrated on here. It is found that in PHF calculations the excitation energies of the high-K structures are often underestimated as pairing-type excitations are not explicitly included. It is observed that mixing of various K=0 + configurations obtained by pairingtype excitations (i.e., 2p-2h, 4p-4h) leads to a better estimate of the excitation energies. The intrinsic structures and the excitation energies of possible low-lying, high-K states are given in Table IV There are two K=14 + states, both of which have a fourquasiparticle nature: one with a four unpaired-neutron (5/2 − , 7/2 − ,7/2 + , 9/2 + ) structure and the other with two unpaired protons ͑5/2 − ,7/2 − ͒ and two unpaired neutrons ͑7/2 + ,9/2 + ͒.
The first K=14
+ state with a calculated bandhead energy of 2.8 MeV is predicted to be energetically favored compared to the second K=14 + structure which is calculated to lie Ϸ1.2 MeV higher in excitation energy. Band-mixing calculations indicate that these structures mix very little with each other or with other low-K intrinsic structures, reflecting the robustness of the K quantum number, at least amongst high-K states, in this axially symmetric nucleus. Observation of these high-K isomeric states is awaited.
While this study has concentrated on positive parity excited states, negative parity states should also exist in 170 Dy. Several single-particle orbits near the Fermi surface have opposite parity. For example, the 7/2 + neutron state is below the Fermi surface while the 7/2 − orbit is just above. Hence the excitation of a neutron between these two orbits gives rise to the lowest K =7 − configuration, at about 1.3 MeV. Several such relatively high-K two-quasiparticle negative parity configurations are also possible. Importantly, a K=0 − structure with a −7/2 + , 7/2 − character is found at about 1.5 MeV and shows energy staggering. The lowest fourquasiparticle negative parity configuration has K=11 with a two-quasiproton ͑3/2 + ,7/2 − ͒ and two-quasineutron ͑5/2 − ,7/2 − ͒ structure. A K =12 − configuration, which differs from the above K=11 − state by having a proton configuration ͑5/2 + ,7/2 − ͒, might also compete for yrast status. Some of the possible negative parity K structures are given in Table IV. In summary, 19 different K-intrinsic configurations have been used in band-mixing calculations to find out the relative importance of the different structures. The band-mixing results of the yrast and yrare spectra are shown in Fig. 6 . The yrast states are dominated by low-K components, as shown in Fig. 7 . The yrare states represent rotational bands based on prominent high-K structures such as K=6 + and K=14 + . The first excited states are based on a K=6 + intrinsic structure up to spin I=14. Above this, the states of the K=14 + band become energetically favored over the K=6 + band.
V. CONCLUSION
Fully self-consistent calculations have been performed for isotopes of dysprosium around the region of the midshell. It is found that different forces and parametrizations used in HFϩBCS calculations for ground-state properties give qualitatively similar results, with indicators of collectivity generally peaking for NϽ104. There is some spread in results, though the results of the different Skyrme parametrizations are generally close to experiment, where data are available. The ground states of the projected HF calculations are in broad agreement with the no-core Skyrme mean-field calculations and with other studies, supporting the approach that the PHF ground state provides a good starting point for calculations of excited state spectra.
The PHF calculations followed by band mixing predict the existence of several structures, including some high-K states. The band mixing tends to push these states up in energy, to more physically consistent values, compared to the PHF calculation alone. The K =6 + and K =14 + states both show very little mixing with other K states, suggesting that K is a good quantum number for these states which may result in very long-lived K isomers, with large experimental hindrance for electromagnetic decay.
